In this paper, we present a reduced order inodeling methodology, based on the utilization of optimal non-uniform grids generated by Gaussian spectral rules, for the direct passive synthesis of SPICE-compatible modeling of multi-conductor interconnect structures. The algorithm is based on a PadC-Chebyshev approximation of the frequency-dependent input impedance matrix of the passive interconnect system The synthesized circuit i s represented as the concatenation of a number of non-uniform sections of passive lumped coupled circuits. However, contrary to the popular uniform segmentation-based distributed circuit models for interconnects, where 10 to 15 segments per minimum wavelength are needed for multi-GHz accuracy, the proposed model is "optimal" in the sense that highly-accurate responses can be obtained with a number of segments per minimum wavelength barely exceeding the Nyquist limit of 2. This high accuracy stems from the super-exponential convergence of the Pade-Chebyshev approximation of the input impedance of the transmission-line model of the interconnect, and results in the synthesis of MNA stamps for the interconnect stmcture with fivc to ten times reduction in the number of state variables compared to uniform grids.
INTRODUCTION
Accurate modeling of multi-GHz signal transmission for signal integrity-driven interconnect performance assessment must take into account electromagnetic retardation, reflection due to impedance discontinuites and frequency-dependent conductor loss due to skin effect. Because of the preferential signal transmission along the interconnect axis, transmission line theory-based interconnect modeling is found to provide for sufficient accuracy for interconnect sections of lengths large compared to cross-sectional dimensions. More specifically, extensive studies at the board, interposer and chip level have shown that the quasi-TEM modeling of multiconductor buses using the generalized telegrapher's equations is very accurate in the modeling of signal transmission through the bus, even for those cases where the bus runs above crossing wires or mesh planes [1]- [3] . Thus, provided that appropriate per-unit-length resistance R, inductance, L, capacitance, C, and conductance,G, matrices have been extracted and capture accurately the impact of the geometry and material parameters of both the interconnect and its surrounding environment, the generalized telegrapher's theory may be used for broadband signal transmission modeling and simulation [4] . In the following, the term multiconductor transmission line (MTL) will be used to refer to coupled interconnect models based on the generalized telegrapher's equations theory.
In addition to the comprehensive presentation of MTL theory in
[4], [5] provides an authoritative state-of-the-art review of efficient techniques for MTL model development and simulation compatible with SPICE-like circulators. Among the various methodologies used, the simplest one relies on cascading lumped circuit realizations of the per-unit-length R,L,C,G matrices of the MTL, of length dictated by the frequency bandwidth of interest. An important attribute of such models is that, if the R,L,C,G matrices, which are frequency dependent in general, are properly constructed and synthesized into a passive lumped cell, then the realization of a passive equivalent circuit models for each MTL segment is straightfonuard. However, since 10 to 15 cells per minimum wavelength are needed for accurate modeling of the wave retardation in such models [6] , [7] , the number of state variables in the synthesized equivalent circuit becomes quite extensive for multi-GHz simulations andior long, and wide multiconductor buses, thus penalizing computational efficiency.
To deal with this issue, alternative methodologies have been proposed that can be divided into two classes. The first class explores the application of model order reduction techniques, based on Pad6 approximations, using either asymptotic waveform evaluation (AWE) or Krylov subspace techniques, together with the state-space formulation of the solution of the transmission line system to develop reduced-order multiport macromodels of the MTLs (e.g., [5] , [8]-[10] ). The development of such macromodels is complicated by the requirement of ensuring the passivity of the generated multi-port macromodels. The second class of methods explores the direct development of optimal discrete models for MTLs, utlizing either pseudo-spectral 171 or differential quadrature approximations [I 11 of the generalized telegrapger's equations. While the pseudo-spectral approach yields a reduction in the number of degrees of freedom by an order of five, it suffers from two shortcomings. First, the circuit representation via modified nodal analysis (MNA) becomes dense and, second, its passivity is not guaranteed. On the other hand, although the differential quadrature method addresses the issue of passivity, the MNA representation remains dense, which means that the overall complexity reduction factor is less than five.
The method proposed in this paper .may he considered as a hybridization of model order reduction and optimal discretization of telegrapher's equations. The proposed methodology is based on the development of an appropriate Gaussian spectral rule [12],
[13], founded on a Pad&-Chebyshev approximation via the Lanczos algorithm of the transmission-line input matrix impedance or admittance of the interconnect system under shortand open-circuited conditions at the far end. The result is a nonuniform grid which, combined with synthesized passive lumped equivalent for the 'frequency-dependent, per-unit-length series impedance and shunt admittance matrices of the MTL [14] , is used to construct a passive, compact, and sparse, broadband SPICE-compatible multi-port MTL macromodel. The proposed methodology has the following three key attributes: Exponential convergence: The generated discrete model for the interconnect exhibits exponential convergence in the error in the approximation of the input matrix impedance as the number of the grid points increases. The important consequence of this is that very high accuracy in the approximation of the electromagnetic transmission properties is achieved with just over two points per wavelength, i.e. the Nyquist limit, without increasing the density of the MNA representation. Hence, the generated discrete models are essentially optimal, providing an overall reduction by a factor of 5 to 10 compared to distributed lumped models utilizing uniform grids, given that the latter require at least 10 to 15 points per wavelength for broadband (multi-GHz) accuracy. Ease of construction: Except for the use of a non-uniform grid (and, hence, segments of different lengths) the construction and form of the SPICE sub-circuit for the MTL macromodel is identical to the popular uniform, multi-segment equivalent circuit model. Hence, the proposed model constitutes the easiest to implement advancement to the popular and most commonly used uniform-segmentation equivalent circuit modeling of interconnects, that not only results in enhanced accuracy but also reduces model complexity in an optimal fashion.
Passive by construction: Passivity of the synthesized macromodel is guaranteed once passive lumped circuits have been constructed for the per-unit-length MTL series impedance, Z=R+jwL, and shunt admittance, Y=G+juJC matrices.
A preliminary version of the algorithm for the simple cases of lines terminated by short and open circuits has been presented in [15]. Here, we describe the full version of the algorithm and a proper generalization scheme to deal with any arbitrarily terminated MTL, as well as any structure comprising several MTLs. The algorithm is validated through its application to the frequency-and time-domain modeling of several MTL circuits.
CONSTRUNCTION OF OPTIMAL GRID
The development of a Gaussian spectral rule is feasible for certain classes of boundary value problems. In the case of an MTL, which is described by means of a wave equation, the direct construction of a generalized Gaussian integration rule is possible only if the boundary conditions at the far end of the line are of What we want to do is to synthesize an optimal discretization of (l)-(3), i.e. an appropriate finite difference modeling with the minimum possible number of unknowns. In other words, we seek the exact locations of the points x, = 0 , x2, .. . 
where hi = xi+, -x i , hi = xi -xi-] are the "primary" and "secondary" cell lengths. It is important to note that we pursue something more than a solution of (4), (5). In fact we are interested in determining the locations of points, or equivalently, the cell sizes, hi, hi , providing minimal error for the voltage at the input port, for any possible value of A , i.e. for my possible frequency within a given interval. For the simple case considered, the voltage vector at the input can be written in the form
where the "impedance function" is analytically calculated from the solution of (I), (3) and its multipole expansion is Hence, we seek the minimization of the em01
where Vi is the discrete solution at the input, related to an approximate impedance function f, (A) in a way similar to (6).
An explicit expression for this function via a solution of (4), ( 5 ) has to be found, in terms of the unknown cell sizes, hi, hi and this expression will be matched to the analytical solution (7). We symmetrize the system ( ,... , k , (9) where the coefficients are related to the cell sizes via
where h, is assumed to be infinite. We define the kxk real symmetric tridiagonal matrix and let 9,, si be its eigenvalues and first components of its eigenvectors, respectively. Using the eigendecomposition of H, and aRer some algebraic manipulation, the solution at the input can be exmessed as .i>]. the discrere impcdanc: is assumed tu bc where yi , 9, are 2(k-n) instead of 2k unknown parameters that have to be determined.
The extension to the MTL case is easy and straightfonvard, since there always exists an uncoupled representation of the MTL in terms of modal voltages (41. Therefore, in each line of the MTL, the modal voltage is given by a scalar expression similar to (13), where A is replaced by the corresponding eigenvalue of matrix A. Therefore, the only difference is that the spectral segment [A,,A2] , has to be chosen not only according to the minimum and maximum frequency of interest but also according to the minimum and maximum eigenvalues of matrix A. Hence, A, =-w;,,eig(~c),,,, A, =-wiineig(LC),i, (14) The unknown parameters y; , 9, can be determined from the minimization of error (8). It can be shown that the most appropriate norm is based on a Pad&-Chebyshev approximant [16] , which is equivalent to setting the following moments equal to zero:
for m=O, ... , 2k-2n-I. Such an approximation exhibits superexponential reduction of the error with respect to the order of the approximation. To solve the problem, it is easier to reformulate (15) in terms of Chebyshev polynomials and simply require that all m-th order Chebyshev moments of the residual function in (18) are zero, i.e. 
From a mathematical point of view, (17) represents an integral on a discrete measure that has been reduced to an infinite sum. Equivalently, (17) could be thought of as the set of equations to produce a Gaussian integration rule or, in this case, an optimal, supraconvergent finite approximation of the corresponding infinite sum. In this context, <, and w, are the points and weights, respectively, of the integration rule that is constructed. Moreover, instead of solving the nonlinear set of equations (17), it is much more efficient to use the Lanczos algorithm. In this case, the algorithm refers to the space of polynomials, thus forming the orthogonal polynomials with respect to the measure of integration. A detailed study of the connection of (17) 
K
Unfortunately, there is no means of generating a single optimal grid, or equivalent circuit for a case of an arbitrary termination. However, what is truly of interest is the development of equivalent circuits that can be used to represent correctly the multi-port (2N) impedance or admittance matrix of the MTL. The way this is done is described next.
THE MULTI-PORT MACROMODEL
The development begins with the proof of an elegant result. It is shown that for a uniform N-conductor MTL of length I its ZN-port impedance or admittance matrix can be expressed in terms of the impedance and admittance matrices of an MTL of the same p.u.1. R,L,C,C matrices but of length N2. More specifically, it is shown that we can express both the input and transfer admittance matrix of the MTL 2N-port by means of only the input admittance and impedance matrices for the half-length MTL. In particular, we assume that a u n i f o n MTL 2N-port of length, I, is characterized bv an admittance matrix of the form The equivalent to the original MTL problem is shown in Fig. 1 . Clearly this is an equivalent description of the original MTL 2N-port circuit. As depicted in Fig. 1 , the SPICE-compatible equivalent circuit for the original MTL is developed in terms of two ZN-port circuits, one of them with its far end ports shortcircuited and the other with its far-end ports left open. Nonuniform optimal grids are generated for each one of these two circuits. Since the length of each one is one-half the length ofthe original MTL, the number of state variables in the two circuits is almost the same with the number of state variables that would have resulted if an optimal non-uniform grid could be generated for the original MTL. The aforementioned relationships (3 1),(32) describe the way the port voltages and currents of the two synthesized subcircuits are combined, together with the voltages and currents of the external circuits connected at the two ends of the original MTL for circuit simulation.
As briefly mentioned in the introduction, once the lengths of the segments in the optimal non-uniform grid have been obtained, the synthesis of the MTL subcircuits is completed by multiplying each length by passive equivalent circuit representations of the per unit length MTL series impedance Z(w)=R(w)+jwL(w), and shunt admittance, Y(w)=C(o)+jwC(w) matrices. The synthesis of such passive subcircuits from either two-or three-dimensional interconnect parasitics extractors or measured data has been addressed extensively in the literature (see, for example, [141, [l81-[191) .
APPLICATIONS
In this section, the aforementioned synthesis methodology of passive, and broadband interconnect multi-port models using optimal grids is demonstrated through its application to several interconnect circuits. In all cases the optimal grids are synthesized to provide a highly accurate representation over an entire frequency band, which usually extcnds from dc up to several tens ofGHz. It is apparent from Fig. 2 that the grid density increases close to the input port to provide exponential convergence ofthe error. It is noted that the stability ofthe grid optimization scheme, which results in alternating points for the voltage and its derivative, requires proper reorthogonalization in the application of Lanczos algorithms. In order to demonstrate the exponential convergence in the reduction of the approximation error, the input voltage at the driven pin #I for both standard and optimal grids and for various grid sizes is calculated, and the relative error (using the analytic result as reference) is plotted in Fig.3 . I Fig. 3 . Comparison of relative error for standard and optimal grids in the case of an three-conductor transmission line, terminated by a resistive load. The term "ppw" indicates the number of points per wavelength used. "Std" refers to uniform (standard) grids, while "Opt" refers to the optimal grids constructed by the proposed methodology.
The plots show convincingly that with the use of optimal grids the error exhibits an exponential reduction with respect to the number of points. Actually, the convergence rate in the case of optimal grids can be mathematically proven to be superexponential. This is clearly seen in Fig.3 , by noticing that the curves for linearly increasing sizes of optimal grids are not equidistant in the logarithmic plot.
In order to provide a more quantitative description of the superiority of the optimal, non-uniform grids to uniform grids, it is observed from Fig. 3 that an optimal grid with an average of 2.2 points per wavelength (p.p.w.) provides even better accuracy at high frequencies than a uniform grid with 20 p.p.w. Hence a reduction factor of 9 is achieved even for very rough approximations. A (still very moderate) requirement of 10% maximum error can hardly be met by a 40 p.p.w. uniform grid, while a 2.4 p.p.w. nonuniform grid easily copes with that goal. Thus, a reduction factor of 17 in the number of state variables in the equivalent circuit is obtained in such a case when optimal grids are used in place of non-uniform grids. If better approximations are sought, a reduction factor of more than 20 can be reached when optimal grids are used in place of uniform grids. An important class of applications where such high accuracy in the response is needed includes the prediction of crosstalk in wide buses as well as the accurate calculation of delay in the presence of interconnect dispersion due to frequency-dependent losses. For both cases, accuarcy in the modeling of the high-frequency response of the interconnect medium is essential for accurate predictions (see, for example, [2], [20] ).
Finally, it is mentioned that Fig. 2 illustrates another important attribute of the proposed optimal nonuniform grids, namely, the fact that they exhibit roughly the same level of accuracy within the entire band 'of interest, whereas the performance of standard uniform grids deteriorates at the uppermost portion of the frequency band. 
Example 2
The second example considered is for the linear interconnect circuit shown in Fig. 4 . Despite the presence of ohmic (dc loss) in the wires, the construction of the optimal grids is based on the lossless approximation of the line for the reasons discussed in Section 2. To summarize briefly, the design of optimal grids is done for a broad range of spectral parameters, which, due to (2), can be translated to a broad range of both frequencies and material characteristics. For the specific example, we consider the frequency range from 0 to 12 GHz, and plot the magnitude of calculated voltage response versus frequency (Fig. 5 ). An optimal lumped segmentation represents the system response accurately, with a considerably reduced number of degrees of freedom, whereas the error generated by a standard segmentation is significant.
Example 3
The final example considered deals with the case of a threeconductor microstrip interconnect system of length of IO cm. The microstrip substrate of thickness was SO pm and its relative permittivity was 4.0. The copper wires of the three-conductor system had rectangular cross sections of width 50 pm, thickness 10 l m , and dc resistance of 0.3448 Ohmicm. The spacing between adjacent wircs is 100 pm. The methodology in [I41 was used to develop passive equivalent circuits for the frequencydependent per-unit-length line impedance matrix . ?( @) . The frequency bandwidth of interest was taken to be 20 GHz. The two side wires are driven at the near end by two voltage generators, each generating a 2V-amplitude trapezoidal pulse train of pulse width of I ns, rise and fall times of 50 ps, and 50% duty cycle. The input impedance of each generator is taken to he SO Ohm. The center (victim) wire is short-circuited at the near end. All three wires are terminated with 1 pF capacitors at the far end. A "-on delay of the pulse waveform of 0.5 ns is used. Considering that the one-way time-of-flight delay for the lossless line is, approximately, 0.055 nslcm, the response at the far end is expected to start aRer t =I ns. All transient simulation were done using H-SPICE. The two optimal grid subcircuits synthesized for the 20 GHz bandwidth of interest required a total of 30 segments. in order to achieve the same accuracy in the far-end responses for both the driven line (Fig, 6 ) and the victim line (Fig. 7) , a uniform-grid subcircuit with 166 segments was required. Clearly, the responses are indistiguishable; however, use of optimal grids leads to better than five reduction in the number of state variables in the SPICE subcircuit for the MTL. Finally, Fig. 8 depicts the comparison between the far-end, driven-line voltage responses, calculated with and without frequency-dependent skin effect loss taken into account. Clearly, frequency-dependent ohmic loss and its impact on both signal dispersion and attenuation must be modeled for accurate transient response calculation.
CONCLUDING REMARKS
In this paper a systematic methodology has been proposed and validated for the constmction of SPICE-compatible, highlyaccurate, passive, reduced-order, transmission-line models for high-speed interconnects. The generated equivalent circuit models are optimal in the sense that, given the frequency bandwidth of interest, the required spatial resolution, i.e., the number of segments per minimum wavelngth, is just over the Nyquist limit. This should be contrasted to the commonly-used in practice uniform segmentation-based distributed circuit models for interconnects, where 10 to 15 segments per minimum wavelength are needed for multi-GHz accuracy. Except for the fact that the proposed model utilizes non-uniform cell lengths for the discretization of the interconnect length, the development of the SPICE-compatible is done in exactly the same manner as in the case of the uniform segmentation. Thus, the proposed model offers the most straightforward approach to enhancing the accuracy of the uniform segmentation interconnect macromodel, while at the same time reducing its complexity. Furthermore, passivity of the synthesized compact interconnect macro-model is guaranteed through the use of passive equivalent circuits for the representation of the freqeuency-dependent, per-unit-length interconnect series impedance and shunt admittance matrices. Finally, this technique is open to further enhancements, since it serves as a direct model order reduction at the level of spatial discretization. In light of this, efficient SVD-based model order reduction techniques may be used to provide for further model order reduction of networks consisting of several of such optimal interconnect models offer a promising alternative due to the small dimension of the optimal models.
APPENDIX A.
An essential attribute of the methodology described here is that the Y-or &matrices of a the 2N-multiport representation of a uniform N-conductor MTL, can be described in terms of only the input admittance or impedance matrix parameters of an MTL with the same p.u.1. parameters and of length N2. To dcnve this relationship, we consider the MTL of length, /, as a cascaded sequence of two MTLs of length, U2 (Fig. 11) . With thc notation depicted in Fig 
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